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ABSTRACT

Simulation of turbulent mixing and combustion at supercritical pressures requires the use of a real-fluid equation of state (EOS) to represent
the nonideal, nonlinear thermodynamic behavior of fluids under these conditions. The simplified representation of the filtered EOS in the
large eddy simulation methodology introduces inconsistencies in the computed filtered thermodynamic state. This study investigates these
inconsistencies and novel subgrid modeling approaches to address these issues, using high-resolution direct numerical simulation of a
transcritical mixing layer. Errors incurred by not accounting for subgrid effects in the EOS are quantified, and fundamental insights are
drawn regarding the nature of these effects. Then, different modeling approaches are proposed and investigated to obtain a more accurate
representation of the filtered EOS. The evaluation of the filtered EOS in terms of the Reynolds-filtered state variables is considered instead of
the conventional Favre-filtered variables. A dynamic gradient model is formulated by building upon the ideas of dynamic modeling to render
a functional form for the subgrid EOS expressed in terms of the resolved flow gradients. A scale-similarity model formulation for the subgrid
EOS is also constructed and examined. Finally, a model for the filtered EOS is derived using a presumed filtered density function that
accounts for the effect of subgrid-scale fluctuations. The performance of each model is evaluated using various metrics, and the relative accuracy
of each modeling approach is compared and contrasted at different filter sizes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0088074

I. INTRODUCTION

A detailed understanding of turbulent mixing in combustion
devices is a prerequisite for the design of efficient and stable propul-
sion systems. The complexity of the problem is primarily due to the
wide range of length and timescales associated with high Reynolds
number flows and the highly nonlinear coupling of flow processes
occurring at these different scales. Computational fluid dynamics has
enabled detailed descriptions of the intricacies of turbulent flows.
Among the different approaches for modeling turbulence, large eddy
simulation (LES) is a powerful tool that offers a viable balance between
computational cost and the level of phenomenological detail repre-
sented. In LES, large-scale turbulent fluctuations, which contain most
of the energy of the flow, are resolved directly on the computational

grid. The turbulent fluctuations at scales below that of the grid resolu-
tion are unresolved (referred to here as the “subgrid scales”), and the
effects at these scales on the resolved scale motions are incorporated
through subgrid-scale (SGS) models. With an increase in computa-
tional power over the last two decades, LES has been widely adopted
by researchers for simulation of several important problems at both
fundamental and engineering system levels.

An important topic of research in the advancement and applica-
tion of the LES framework is the development of robust and accurate
SGS models that can accurately represent the physical processes at the
subgrid scales. Several studies have been dedicated to this topic.1–3

The earliest model to be adopted was developed by Smagorinsky,4 and
the Smagorinsky model is still one of the most commonly used models.
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Based on the eddy viscosity hypothesis, the subgrid-scale momen-
tum fluxes are modeled as a turbulent stress in a form analogous to
the Stokes law for viscous stresses. This assumes that the effect of the
subgrid scales is to provide an energy dissipation mechanism for the
large-scale fluctuations. A deficiency with the eddy viscosity hypoth-
esis, however, is that it assumes that the subgrid-scale flux is a purely
dissipative mechanism and does not allow for complex nonequilib-
rium turbulence phenomena such as backscatter, which have been
found to exist in complex multiphysics flows.5,6

A more physical way to model SGS terms is the scale-similarity
model introduced by Bardina.7 The scale-similarity hypothesis approxi-
mates the energy transfer between the resolved and unresolved scales in
terms of the energy transfer occurring at the smallest resolved scales.
The scale similarity model achieves a high correlation to the SGS terms.
Using the idea of scale similarity, Germano et al.8 introduced a model-
ing approach to dynamically evaluate the Smagorinsky model coefficient
in terms of the local resolved flow field. For compressible flows and
flows involving multispecies transport, analogous approaches have been
extended to model the SGS terms arising from the convective fluxes in
the energy and species conservation equations.9,10 Subgrid thermal and
species mass diffusivities are computed in terms of the subgrid eddy
viscosity and turbulent Prandtl and Schmidt numbers that employ
either prescribed constants9,11 or are computed dynamically using the
Germano identity10 and/or scale-similarity approach.12

Most of the subgrid-scale modeling approaches in the literature on
nonreacting flows have been focused on the unclosed terms in the
momentum, energy, and species transport equations. For high-pressure
turbulent mixing, a key aspect of modeling is the inclusion of a nonlin-
ear equation of state (EOS) that accounts for nonideal thermodynamic
behavior. This introduces additional physical considerations for model-
ing the effects of subgrid-scale turbulence and its interaction with non-
ideal thermodynamic variations occurring at the subgrid level. These
effects need to be accounted for to provide a consistent theoretical
framework for LES. However, historically, LES has been developed for
incompressible, nonreacting, single-component fluid flows, where the
filtering of the equation of state is trivial and does not result in additional
subgrid closure terms. These assumptions are not applicable in real-fluid
turbulent mixing, especially in flows involving multispecies and/or ther-
modynamic stratifications where large variations of thermodynamic and
transport properties are known to occur.13,14 In such cases, filtering of
small scales introduces additional SGS effects through the equation of
state, which are typically neglected in current LES formulations.15–17

These effects are also pertinent to the filtered ideal gas EOS under multi-
species mixing and reacting conditions.18

There have been very limited investigations on the relevance of
subgrid terms associated with the EOS for supercritical mixing. Selle
et al.19 investigated subgrid modeling issues using direct numerical
simulation (DNS) of temporal mixing layers of different species mix-
tures. They found that the subgrid pressure term resulting from the fil-
tered EOS is an important modeling consideration. They proposed a
modeling approach for this term based on a Taylor series expansion,
which showed moderate performance for small filter widths, but poor
performance at large filter widths. Taskinoglu and Bellan20 further
refined this approach and conducted a posteriori evaluation of this
model in conjunction with the other models for the SGS convective
flux terms. Borghesi and Bellan21 have investigated a scale-similarity
approach for modeling the subgrid pressure term, which was tested as

part of a preliminary a posteriori study.22 Using 1D laminar premixed
and non-premixed flamelets, Ribert et al.23 investigated the subgrid
EOS contributions for low- and high-pressure methane flames. They
reported that the subgrid terms associated with the EOS were more
prominent for CH4-O2 flames at high pressures where a real-fluid
EOS is used. Lapenna and Creta24 examined the errors in the model-
ing of the filtered EOS and other thermodynamic quantities using
DNS of temporal mixing layers of transcritical and supercritical nitro-
gen jets. They explored a PDF-based closure that showed good
improvement over similar studies that employed no closure for the
EOS. A limitation of these works is that they considered temporal mix-
ing layers at relatively low Reynolds numbers, which do not provide a
complete description of turbulent flows under realistic conditions.

A major constraint for the investigation of turbulence modeling
at realistic conditions is the prohibitive computational cost associated
with three-dimensional DNS. As a result, DNS studies have often been
limited to low Reynolds number flows and canonical configurations,
such as temporal mixing layers. While configurations such as a three-
dimensional temporal mixing layer represent some of the generic
features of turbulence, they do not represent the spatiotemporal turbu-
lence dynamics of inhomogeneous flows in practical systems. As an
alternative, two-dimensional DNS offers a trade-off to reduce the com-
putational cost while retaining more realistic flow conditions.
Although 2D DNS does not fully describe the dynamics of turbulent
eddies, which are inherently three-dimensional in nature, it can still
provide valuable information for understanding the mathematical
implications of LES filtering and the resulting subgrid terms. Model
assessments using 2D DNS data have been shown to be as valuable as
3D DNS for the purpose of deriving trends for the development and
assessment of subgrid models.25,26

In this study, we utilize a 2D DNS database developed in our pre-
vious work27 to understand the role of subgrid turbulence effects in
the filtered real-fluid EOS and to investigate modeling approaches for
subgrid closure that can be applied to practical LES simulations. The
DNS database is established for a spatially evolving mixing layer com-
posed of gaseous methane and liquid oxygen at flow conditions repre-
sentative of cryogenic injection and transcritical mixing of propellants
in liquid rocket engines. Prior modeling approaches proposed in the
literature18,28 are also investigated and refined. In addition, novel
modeling approaches are further explored by extending the conven-
tional dynamic and scale-similarity modeling theories. A priori analy-
ses of the proposed models are conducted to assess their performance,
strengths, and limitations.

This study is organized as follows: In Sec. II, we present the math-
ematical formulation of the governing equations and the filtering oper-
ation to discuss the origin and relevance of the subgrid terms in the
filtered EOS. In Sec. III, we briefly describe the computational frame-
work and flow configuration used to generate the DNS data. In Sec.
IV, different modeling approaches are derived, followed by an a priori
analysis of the model performance. Finally, in Sec. V, we summarize
the key findings from the study and outline directions for future work
on this topic.

II. MATHEMATICAL FORMULATION OF LES

The system of equations governing a general fluid flow is
described by the conservation laws for mass, momentum, energy, and
species concentrations in conjunction with appropriate constitutive
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relations for the thermodynamic equation of state and other thermo-
dynamic and transport quantities. These equations can be written as

Mass:
@q
@t
þ @quj

@xj
¼ 0; (1)

Momentum:
@qui
@t
þ @

@xj
quiuj þ pdij
� �

¼
@sij
@xj

; (2)

Energy:
@qet
@t
þ @

@xj
qet þ pð Þujð Þ ¼

@

@xj
qj þ uisijð Þ; (3)

Species:
@qYk

@t
þ
@qYkuj
@xj

¼
@Jkj
@xj
þ _xk; (4)

where q; ui; p; andYk denote the density, velocity components, pres-
sure, and mass fraction of species k, respectively. The specific total
energy et is defined as et ¼ eþ uiui=2; where e is the specific internal
energy. _xk denotes the mass production rate of species k due to chem-
ical reactions in a reacting system. The system of Eqs. (1)–(4) repre-
sents the governing conservation equations for DNS. The set of
conserved variables solved for in this formulation is denoted as
Qc ¼ q; qui; qet ; qYkf g, from which all other dependent quantities
are computed. The constitutive relations for the viscous stress tensor
sij, heat diffusive flux qj, and species diffusive fluxes Jkj can be given as,

sij ¼ l
@ui
@xj
þ @uj
@xi

 !
� 2
3
l
@uk
@xk

dij; (5)

qj ¼ �k
@T
@xj
þ
XN
k¼1

hk Jkj; (6)

Jkj ¼ qDk
@Yk

@xj
: (7)

Here, Newtonian fluid and Stokes hypothesis are assumed for the
viscous stress tensor. The heat and species diffusive fluxes are assumed
to follow Fourier and Fick’s laws. In addition to the above equations,
mathematical relations are needed for the computation of thermody-
namic and transport coefficients (l; e; k; Dk, etc.). For a real fluid,
these can be computed from fundamental thermodynamic theories
combined with the extended principle of corresponding states29–31

and high-pressure departure functions.32 Details of their implementa-
tion can be found in other references.33,34

In this study, we focus on the thermodynamic equation of state,
which relates the pressure, density, and temperature of a mixture with
a given composition. The equation of state for a real fluid accounts for
intermolecular interactions and molecular volume effects and shows
significant deviation from ideal gas behavior under high-pressure con-
ditions. A cubic equation, such as the Peng–Robinson (PR)35 or
Soave–Redlich–Kwong (SRK)36 EOS, is often used in numerical simu-
lations to represent these effects. Both have been shown to provide
good accuracy for most conditions of practical interest.17 They can be
represented in a general form as

p ¼ RT

v � bð Þ �
a

v2 þ uvbþ wb2
; (8)

where R is the gas constant associated with the mixture. The parame-
ters u;wð Þ ¼ 2;�1ð Þ for the PR EOS and ð1; 0Þ for the SRK EOS.

The coefficients a and b account for intermolecular interactions and
molecular volumetric effects in the fluid. These terms are functions of
the temperature and mixture composition. Here, v is the specific
volume, which is the reciprocal of the density q.

The equation of state can be alternatively expressed in terms of
the compressibility factor as

p ¼ qZRT: (9)

Here, the compressibility factor Z incorporates the real-fluid effects
and is computed from a cubic equation derived by substituting Eq. (9)
into Eq. (8).

The computation of supercritical fluid flows is known to be sus-
ceptible to numerical instabilities stemming from spurious pressure
oscillations.37 To overcome this difficulty, several strategies have been
investigated, including quasi-conservative schemes,38–40 use of artifi-
cial dissipation,15 or use of preconditioning.41,42 In the preconditioning
approach, a transformation is applied to the time-derivative term and
the pressure is directly solved instead of the density. The precondition-
ing approach has been widely used and has been shown to be success-
ful for application to flows at supercritical conditions.43–45 In the
preconditioned formulation, the primitive variable set Q ¼ p; ui;f
T;Ykg is directly solved. This also overcomes the computational cost
associated with the computation of T from e through an iterative pro-
cedure. A detailed description of the preconditioned formulation in
the real-fluid framework can be found in Meng and Yang.33 The equa-
tion of state is then used to evaluate the density as a function of the
primitive variables as

q Qð Þ ¼ p
Z Qð ÞR Qð ÞT : (10)

Note that R is a function of the mixture composition Yk; and Z is
a nonlinear function of the thermodynamic state p;T;Ykð Þ.

In LES, a filtering operation is applied to the DNS equations to
separate out the high-wavenumber (small-scale) components of the
flow. The filtering operation is mathematically expressed as

/ x; tð Þ ¼
ððð

V
/ r; tð ÞG x � r; t; D

� �
dr; (11)

where / is the filtered part of a field variable /, G is the filter kernel,
and V is the spatial volume, over which the filtering is performed. For
application to compressible flows, where the density is inherently cou-
pled with other variables in the conservative formulation, the corre-
sponding Favre-filtered variable is defined as

e/ ¼ q/
q
: (12)

The above definition implies that Favre filtering is a density-weighted
filtering operation, and the resulting Favre-filtered variable e/ can be
quite different from the filtered variable / for variable density flows,
particularly for those with large density stratifications or gradients pre-
sent at the subgrid scales.

Applying the filtering operation and the above definitions to the
DNS equations, the LES equations are obtained as follows:

Mass
@q Qð Þ
@t

þ
@ q Qð Þeuj

� �
@xj

¼ 0; (13)
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Momentum
@ q Qð Þeui

� �
@t

þ @

@xj
q Qð Þeuieuj þ pdij
� �

¼ @

@xj
sij Qð Þ � ssgsij
� �

; (14)

Energy
@ q Qð Þget Qð Þ
� �

@t
þ @

@xj
q Qð Þget Qð Þ þ p
h ieuj

� �
¼ @

@xj
ujsij Qð Þ þ qj Qð Þ � Hsgs

j

� �
; (15)

Species
@q Qð ÞeYk

@t
þ
@ q Qð ÞeujeYk

� �
@xj

¼ @

@xj
Jkj Qð Þ � Usgs

kj

� �
: (16)

The overbar and tilde denote the filtered and Favre-filtered quan-
tities, respectively. The terms ssgsij ; H

sgs
j ; andUsgs

kj in Eqs. (14)–(16) rep-
resent the conventional SGS momentum, energy, and species fluxes,
respectively. These terms result from simplifying the filtered convec-
tive fluxes, which involve the filtered product of two quantities (covari-
ance) as the product of the corresponding filtered quantities. The SGS
flux terms can be written as

ssgsij ¼ q guiu_j � euieuj

� �
; (17)

Hsgs
j ¼ q get Qð Þuj � get Qð Þeuj

� �
þ puj � peuj
� �

; (18)

Usgs
kj ¼ q gYku_j � eYkeuj

� �
: (19)

These terms represent important interscale interactions between
the resolved and subgrid-scale fields and their net effect on the dynam-
ics of the resolved flow field. Therefore, it is important to model these
terms in LES for an accurate representation of the filtered flow field
and for the prediction of turbulent statistics. Several modeling
approaches have been investigated for these terms for different flow
configurations, and the challenges and issues are somewhat well
understood for ideal gas flows at low pressures.1,2,46,47

The remaining terms in Eqs. (13)–(16) are simplified by approxi-

mating a filtered secondary quantity /ðQÞ as the corresponding quan-
tity evaluated from the filtered variables using the same functional

form as in DNS, that is, / eQ� �
, where eQ ¼ fp;eui; eT ; eYkg denotes the

set of filtered primitive state variables that are solved in the precondi-

tioned LES framework. The filtered quantity /ðQÞ contains the effect
of turbulent fluctuations of the primitive variables at all scales, while

the approximated / eQ� �
only contains information on turbulent inter-

actions at the resolved scales. Although these approximations seem to
be reasonable for weakly compressible, single-species flows,12,48 their
validity at other flow conditions requires rigorous justification. Recent
studies have shown these approximations to be inconsistent and
invalid for LES of compressible, real-fluid flows, especially those
involving multispecies mixing at transcritical and supercritical con-
ditions.19,49,50 The nonlinear nature of the constitutive relations
and their noncommutivity with respect to the filtering operation
result in additional subgrid terms that are nontrivial and require
closer investigation.

In this study, we focus on the modeling of the filtered EOS, which
for real-fluid flows is highly nonlinear and is an important aspect for

modeling high-pressure supercritical mixing. The filtering operation
on the form of the EOS in Eq. (8) is considered as shown as follows:

p Qcð Þ ¼
R Qcð ÞT

v Qcð Þ � b Qcð Þð Þ
� a Qcð Þ
v Qcð Þ2 þ uv Qcð Þb Qcð Þ þ wb Qcð Þ2

 !
:

For a pure substance, a is a function of temperature and b is
assumed to be constant. For multicomponent mixtures, a and b are
also nonlinear functions of the species composition and are obtained
by applying the mixing laws to combine the corresponding coefficients
of the individual components. Likewise, the molar volume is a func-
tion of the species composition and the thermodynamic state of the
mixture.

Similar to the filtered convective fluxes, the equation of state also
involves the filter of a combination of quantities that cannot be directly
computed in LES. The nonlinear coupling among the state variables in
the EOS is in fact more complex than the convective fluxes, which
involve only products of two quantities. In the current LES formula-
tions, the filtered EOS is approximated as

p Qc

� �
¼ R Qc

� �eT
v Qc

� �
� b Qc

� �� �� a Qc

� �
v Qc

� �2 þ uv Qc

� �
b Qc

� �
þ wb Qc

� �2 :
This representation is highly simplified. The quantity p Qc

� �
is mathe-

matically different from pðQcÞ. Under these circumstances, neglecting
the residual term becomes questionable since p Qc

� �
does not contain

information about the interaction of scalar fields between the resolved
and subgrid length scales. The effects of these processes can be non-
trivial depending on the flow conditions and the level of fidelity
expected in numerical simulations. For supercritical fluid flow simula-
tions, thermodynamic processes are consequential and real-fluid
effects play a significant role in the governing dynamics.51 Thus, it is
clearly important from a modeling perspective to accurately represent
the filtered EOS in LES to accurately account for relevant subgrid ther-
modynamic processes.

For simplicity in representation for modeling purpose, we con-
sider the EOS in terms of the compressibility factor as in Eq. (9). The
exact filtered pressure is then given as

p Qcð Þ ¼ qZ Qcð ÞR Qcð ÞT ¼ q
g

Z Qcð ÞR Qcð ÞT
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{

;

and the approximated filtered pressure is given as

p Qc

� �
¼ q Z Qc

� �
R Qc

� �
T:

The difference between the exact and approximated filtered
pressures is termed as the subgrid pressure. Selle et al.19 investi-
gated the subgrid pressure term for various binary species mixtures
using DNS of temporal mixing layers. They quantified the magni-
tude of various terms in the governing equations and showed that
the subgrid pressure term is comparable to the other leading terms
in the momentum equation. A similar study was undertaken by
Ma et al.49 using temporal mixing layer. Ribert et al.23 have also
confirmed the relevance of this term using one-dimensional flames
at high-pressure conditions. The subgrid pressure is also shown to
be relevant for multispecies reacting flows under ideal gas condi-
tions.18 This term is more significant in high-pressure, nonideal
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conditions,23 where interscale turbulence dynamics are strongly
coupled with nonlinear thermodynamics.

Similar to the pressure, in the preconditioned formulation, the
EOS is used to compute density as a function of the thermodynamic
state p;T; andYkð Þ. The exact filtered density is given as

q Qð Þ ¼ p
Z Qð ÞR Qð ÞT

� �
; (20)

while the filtered density approximated in terms of filtered variables is
given as

q eQ� �
¼ p

Z eQ� �
R eQ� �eT : (21)

The residual term, denoted as the subgrid density, can then be expressed
as

qsgs ¼ q eQ� �
� q Qð Þ: (22)

Using fully resolved data from DNS simulations, the exact filtered
quantity, and, hence, the subgrid term, can be computed and investi-
gated. This will enable us to understand the thermodynamic effects at
subgrid scales and their impact on the resolved flow field, and to
explore modeling strategies to account for these effects in LES simula-
tions of real-fluid flows.

III. APPROACH

The benchmark DNS data for investigating subgrid EOS model-
ing approaches were generated in a previous work.27 In this section,
we briefly describe the flow configuration and the computational
framework used to perform the DNS simulations. Further details
about the numerical setup can be found in Ref. 27.

The flow configuration studied is a planar spatially evolving mix-
ing layer composed of gaseous methane and liquid oxygen at an oper-
ating pressure of 100 bar. A schematic of the computational domain
and flow conditions is shown in Fig. 1. The two streams differ in their
thermodynamic state (temperature and density) and injection veloci-
ties. The density ratio across the mixing layer is approximately 13.5,
and the fuel/air momentum flux ratio is approximately 2.7. The flow
parameters are representative of typical operating conditions of liquid
rocket engines. The two streams are initially separated by a splitter
plate with a thickness of d ¼ 0:3mm, which is roughly the order of
the annular thickness of LRE injectors. The Reynolds numbers of the
methane and LOX streams are about 1:6� 104 and 2:7� 104,

respectively. A mean velocity profile following a one-seventh power
law, superimposed with broadband turbulent fluctuations, is used to
simulate a fully developed turbulent boundary layer at the inlet for
both incoming streams. No-slip wall boundary conditions are applied
on the surfaces of the splitter plate. Outflow conditions are prescribed
along the top, bottom, and exit boundaries.

High-resolution 3D DNS of flows at the current Reynolds num-
bers is computationally demanding, especially at the selected operating
conditions. Thus, as a trade-off between utility and computational
cost, the DNS simulations were limited to a planar 2D configuration.
Even though 2D DNS may not fully represent the dynamics of turbu-
lence, it is useful to obtain preliminary insight and trends of LES filter-
ing and the resulting subgrid terms.25,26

The computational domain is discretized using a grid consisting
of roughly 19� 106 cells. The grid resolution in the transverse direc-
tion across the plate thickness is 0:15 lm. This resolution is closely
maintained across the mixing layer with some moderate stretching to
account for the mixing layer growth.

The numerical framework for performing the DNS uses a finite-
volume Navier–Stokes solver that has been validated and applied for a
wide range of flows under similar operating conditions.44,45,52 The
solver uses a preconditioned formulation along with a dual-time inte-
gration. The pseudo-time integration is performed using a fourth-
order Runge–Kutta scheme, while the real-time integration uses a
second-order backward difference scheme. Spatial discretization of
derivatives is performed using a fourth-order central difference
scheme. A fourth-order matrix dissipation with a total-variation-
diminishing switch53 is applied to provide minimal artificial dissipa-
tion to stabilize numerical oscillations in regions with steep gradients.
The modified Soave–Redlick–Kwong equation of state54 is used to
describe the real-fluid equation of state. The thermodynamic and
transport coefficients for real-fluid mixtures are obtained using the
extended principle of corresponding states and high-pressure depar-
ture functions. A detailed description of the numerical framework can
be found in Meng and Yang.33

The LES grids are obtained by coarsening the DNS grid by a filter
ratio Df , defined as the ratio between the local LES grid scale to the
DNS grid scale (Df ¼ DLES=DDNS). This enables the study of modeling
issues in grid topologies that are representative of LES in practical
applications involving inhomogeneous flows, where nonuniform, non-
isotropic grids are often employed for computational feasibility. The
filtered fields are evaluated on the LES grids by applying a top-hat filter
to the DNS data. It is noted that these fields are an idealization that
contains information at turbulent length scales above the filtered grid
size DLES. However, they are not the same as actual LES realizations
since they are obtained by filtering the corresponding DNS fields at a
particular time instant. This is in contrast to LES, which transports the
filtered fields. Thus, the spatiotemporal dynamics of the large-scale
motion in LES are different from that captured by a priori filtering of
the instantaneous field from DNS. Nevertheless, the goal in SGS
modeling is to obtain a modeled LES field that is as close as possible to
the filtered DNS field at a given time instant. This is a prerequisite for
accurately predicting the flow evolution at the resolved scales in a LES.

IV. RESULTS AND DISCUSSION

Using the filtered fields obtained from DNS, implications and
needs related to the filtered EOS can be evaluated. To accomplish thisFIG. 1. Schematic of computational domain and flow configuration.27
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goal, we proceed as follows. First, we perform an assessment of the
errors associated with the conventional filtered EOS by analyzing the
relative magnitude of the subgrid density. Second, we then evaluate
the filtered EOS in terms of Reynolds-filtered quantities to contrast
this with density-weighted Favre filtering. As the third, fourth, and
fifth steps, we propose and perform a priori assessments to evaluate
the accuracy of three different modeling approaches, such as the
dynamic gradient model, scale similarity model, and presumed
filtered-density function model. The section is concluded with detailed
back-to-back assessments of how each of these models performs under
identical flow conditions at different filter ratios.

A. Relative magnitude of the subgrid density

A systematic evaluation of the terms in the filtered equations27

revealed that the subgrid density term in the filtered EOS is an impor-
tant modeling consideration. In the “no-model approach,” which is
the currently used representation of the filtered EOS, the filtered den-
sity is directly evaluated using the filtered pressure, p and the Favre-

filtered temperature, and species mass fractions eT ; eYk

� �
as shown in

Eq. (21). Using the DNS data, the subgrid density defined in Eq. (22)
can be computed. Figure 2 shows the spatial distribution of the subgrid
density for a filter ratio Df ¼ 10. This ratio corresponds to an LES
grid that is 10 times coarser than the DNS in each direction, which is
representative of typical LES simulations. The subgrid density distribu-
tion qualitatively follows the turbulent mixing layer characteristics,
with the magnitude of the terms largest at the interface between the
mixing layer and the LOX stream. In these regions, turbulence is gen-
erated through shear, where the gradients of the scalar fields (tempera-
ture and species mass fraction) are highest. The oxygen stream is
initially at a temperature of 120K and in a pseudo-liquid state (the
critical temperature of oxygen is 154.6K). Upon contact with the
warmer gaseous methane stream, the LOX undergoes a process called
pseudo-boiling55 and transitions to a supercritical state. In this regime,
there is a steep variation of density as a function of temperature and
mixture composition. Additionally, the turbulent scalar mixing results
in a locally inhomogeneous mixture with varied thermodynamic
states. These two effects induce in steep density gradients at the small
scales that are filtered out in LES. The subgrid density is representative
of the effect of density variations at the subgrid scales on the resolved

density. Since density (or equivalently mass) is coupled with the other
transport equations, the subgrid density plays an important role in
representing the underlying convective transport of momentum,
energy, and species fluxes at the subgrid level.

The subgrid density is always positive for this case, implying that

the approximate filtered density q eQ� �
is higher than the exact filtered

density qðQÞ. Note that this is also depicted in Fig. 3(a), which shows
a comparison between the exact filtered density and the modeled fil-
tered density at filter ratio Df ¼ 10. As described in Sec. II, the filtered
secondary quantities such as shear stress, density (or pressure depend-
ing upon the EOS), and thermodynamic and transport coefficients
(cp;l; k; andDijÞ are computed using Favre-filtered variables in the
current LES implementations for compressible flow applications. The
Favre-filtering operator is a density-weighted filtering operator, and
the resulting filtered quantities are biased toward the denser species.
Thus, the thermodynamic states represented by the Favre-filtered vari-
ables (eT ; eYk) are by definition skewed toward the denser species, and
the properties evaluated from these variables are thus closer to those of
the denser species. In this case, the denser species is O2, so the Favre-
filtered primitive state variables (eT ; eYk) and the modeled filtered den-
sity are biased toward those of O2. Bias toward the denser species
results in a consistent overprediction of the modeled filtered density.
This will be discussed further in Sec. IVF, where Fig. 3(b) shows the
distribution of relative error in the modeled filtered density as a func-
tion of the mixture fraction. The relative error is defined as the subgrid
density divided by the exact filtered density. The contribution of sub-
grid density is low in the extremely rich and lean regions, where the
effects of subgrid mixing and variation in scalar fields are minimum,
and peaks in the intermediate mixture fraction regions, where the spe-
cies mixing due to turbulence is in effect.

B. Evaluation of filtered EOS in terms
of Reynolds-filtered quantities (RFM)

Considering the bias associated with the Favre-filtering operator,
it would be natural to evaluate the EOS in terms of non-Favre filtered
variables. We term the non-Favre filtering operation in Eq. (11) as
Reynolds filtering (analogous to the Reynolds-averaging operation in
RANS), to make a distinction from the Favre-filtering operation.
Ribert et al.18 investigated a similar approach for computing the fil-
tered pressure in the ideal gas EOS, by evaluating the EOS in terms of
Reynolds-filtered species mass fractions instead of Favre-filtered mass
fractions. The approach was proposed and analyzed for ideal, multi-
component mixtures, and reasonable improvement was found. In this
section, we aim to extend this approach to real-fluid, multicomponent
mixtures.

It is important to note the difference in complexities between the
ideal gas and real-fluid EOS; the nonlinearities in the thermodynamic
behavior of individual species and the resultant mixture are different,
and the filtered EOS involves covariances of three variables
(Z;T; andYk) in the case of real fluids [Eq. (20)] instead of two varia-
bles (T andYk) in the case of ideal gas EOS. In Ribert et al.,18 the fil-
tered EOS was consistently represented in terms of the Favre-filtered
temperature and the Reynolds-filtered species mass fractions
(eT andYk). However, for the real-fluid EOS, the inclusion of the com-
pressibility factor Z, which itself is a nonlinear function of the thermo-
dynamic state, complicates the representation of an equivalent

FIG. 2. Spatial distribution of the subgrid density computed from the DNS data at fil-
ter ratio Df ¼ 10.
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expression. We explore an alternate representation, designated as the
Reynolds-filtered model (RFM), in which the filtered density is mod-
eled in terms of all Reynolds-filtered primitive variables as

q Qð Þ � q Q
� �

; (23)

where Q ¼ p; ui;T ; and Yk

� �
represents the set of Reynolds-filtered

primitive variables. These quantities are not usually computed in LES.
Here, we compute them from the DNS data. The representation in Eq.
(23) is not exact, and a subgrid term must still be included. Thus, the
goal is to evaluate whether the approximation in Eq. (23) provides an
improvement over the current approximation for the filtered density.

C. Dynamic gradient model (DGM)

Following the idea of functional modeling for the subgrid fluxes
such as the Smagorinsky model4 or the Clark model,56 we seek an
analogous model for the subgrid density in terms of the gradients in
the flow field. The DNS data indicate that the subgrid density is prom-
inent in regions of strong mixing where the gradients of scalar fields
are large, suggesting a possible correlation between these quantities.
Based on this observation and the physical significance of this quantity
as discussed in Sec. IVA, we hypothesize a model for the subgrid den-
sity as a function of the gradients of density, temperature, and species
mass fraction. To evaluate this hypothesis, the correlations of the sub-
grid density with gradients of density, temperature, and species mass
fraction are computed using the DNS data. It is found that density gra-
dient yields the highest correlation (around 65%) with subgrid density,
while temperature and species mass fraction gradients have about 39%
and 30% correlations, respectively. The pressure variation in the flow
field is less than 1% of the reference pressure, and the density variation
corresponding to this pressure variation is negligible. The effect of the
pressure gradient is not expected to significantly contribute to the sub-
grid term here and is not included in our modeling approach, but nat-
urally it would need to be included for flows involving strong pressure
gradients, such as shocks.

Based on the high correlation, a model form analogous to the
Smagorinsky model is proposed where the subgrid density
is expressed as a function of the local resolved density-gradient
magnitude and the local LES filter size through a model coefficient
C as

qsgs ¼ CD rq eQ� �		 		 ¼ CD qg
eQ� �
: (24)

Here, the notation qg Qð Þ ¼ rq Qð Þ
		 		 is introduced as a short-

hand to represent the magnitude of the density gradient, and D
denotes the local filter (grid) scale. The model expression above can
also be derived following arguments of dimensional analysis, or by fil-
tering a Taylor series expansion of density around the LES-computed
density and truncating second-order terms. Model forms including
the gradients of the temperature and species mass fractions were also
investigated, but the differences from the baseline model were found
to be minimal.57

The model coefficient in Eq. (24) can be evaluated from the DNS
data using a least-square error minimization as in linear regression
analysis, by minimizing the square of the difference between the exact
and modeled subgrid density. The value of C was computed using
flow fields at different time instants and considering data from

different subsets of the domain that included only the core of the mix-
ing layer, and the value was consistently found to be close to
C � 21:6. Using this coefficient value, the model correlation with the
exact value is found to be around 65%. For perspective, the
Smagorinsky model has been shown to have a correlation of 20% or
less for the subgrid stresses and energy fluxes, while that of the
advanced dynamic model is about 60%–70%.58 In sum, the proposed
model for the EOS offers reasonable performance, while also being
tractable in an LES simulation.

A priori analysis of the model performance was reported in a
previous work.57 Improvement in accuracy of the filtered density
was achieved over the no-model approach, especially in the peak-
error region near the stoichiometric mixture fraction, where the
gradients and turbulent mixing are the highest. The subgrid den-
sity was, however, overpredicted in regions away from the mixing
layer, where the subgrid density is negligible. This trend is attribut-
able to the use of a globally determined model coefficient that does
not consistently represent the instantaneous subgrid-scale physics
in different regions of the flow field, especially in regions of low
turbulent mixing. The same limitation has been recognized with
the constant-coefficient Smagorinsky model in transitional and
near-wall regions. Another limitation of this modeling approach
lies in the generalizability of the model coefficient. Since physical
reasoning cannot be presented for this value at this point, it must
be assumed that the value of the coefficient for a different species
mixture and different operating conditions might be different. It is
speculated that the value of this coefficient might be dependent on
the thermodynamic behavior of the species mixture through the
EOS, but this point needs further investigation.

To overcome the limitations of the constant-coefficient
model, a dynamic modeling approach for the model coefficient is
applied. Using the gradient model [Eq. (24)] as a baseline, a
dynamic model can be derived following Germano’s approach.8

Dynamic models derived using Germano’s identity have demon-
strated remarkable success over the constant-coefficient models by
providing a more localized representation of subgrid-scale physics
and reproducing the correct limiting behavior in different flow
regions. In a dynamic model, the scale-similarity assumption is
invoked to locally evaluate the model coefficient in space and time
according to the local filtered flow features. The scale-similarity
hypothesis assumes that the structure of turbulence and the inter-
scale processes between the smallest resolved scale (grid-filter
scale) and slightly larger scales (test-filter scale) are similar to those
between the smallest resolved scale and the largest unresolved
scale. An explicit filtering operation is applied to the LES solution
at a slightly larger scale than the grid-filter width, called the test-
filter scale, producing a test-filtered field. The model coefficient is
then obtained by relating the subgrid term at the grid-filter (LES)
and the test-filter scales, at each point in space and time.

Considering subgrid density as the unclosed term of interest,

s ¼ qsgs ¼ q eQ� �
� q Qð Þ � CD qg

eQ� �
: (25)

At the test-filtered level,

T ¼ q beQ� �
� dq Qð Þ ; (26)

where the top-hat symbol represents a filtered quantity at the test-
filtered level. We then define the Leonard term as
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Lq ¼ T�bs ¼ q beQ� �
� dq Qð Þ

� �
� dq eQ� �

� dq Qð Þ
� �

¼ q beQ� �
� d

q eQ� �
: (27)

This can be expressed in terms of the gradient model approxima-
tion, following the principle of scale similarity, as

T�bs ¼ CbD qg
beQ� �
�

d
CD qg

eQ� �zfflfflfflfflfflffl}|fflfflfflfflfflffl{
¼ CbD qg

beQ� �
� CD

d
qg
eQ� �

¼ CD
bD
D

qg
beQ� �
� d

qg
eQ� �" #

¼ CDMq; (28)

whereMq ¼
b
D
D

qg
beQ� �
� dqg

eQ� �
.

Each of the terms in the expressions for Lq andMq can be eval-
uated at the test-filter level using the LES-resolved flow variables.
Combining Eqs. (27) and (28) and following Lilly’s least-squares
approach,59 the coefficient in the gradient model can be obtained as

CD ¼ LqMqh i
MqMqh i

: (29)

The angular brackets indicate an averaging operation, which is
usually performed to avoid unphysical oscillation of the model coeffi-
cient. In the evaluation of dynamic eddy viscosity models for the sub-
grid convective fluxes, a summation over the tensor or vector
components, along with spatial averaging in homogeneous directions,
is adopted to overcome this issue8,59 whenever a homogeneous direc-
tion is present. In this case, due to the lack of homogeneity in the flow
and due to the coefficient ascribed to a scalar quantity, such a proce-
dure cannot be adopted. An alternative is to use a dynamic localization
procedure60 or local averaging.61 In this case, we perform a local aver-
aging over the adjacent neighboring cells, following the approach by
Zang et al.61 With the dynamic formulation, the gradient model gener-
alizes to

qsgs ¼ LqMqh i
MqMqh i

rq eQ� �		 		: (30)

The dynamic gradient model (DGM) formulated in Eq. (30) is
parameter-free, except for the choice of the ratio between the grid-

and test-filtered levels bD=D. A choice of test-filter width, which is

twice the grid filter width, that is, bD ¼ 2D, which is widely used for
dynamic models for the subgrid fluxes,8,61 is adopted in this study. For
the a priori study, the test filtering is applied on the filtered LES solu-
tion, as would be performed in an LES simulation. For the test filter-
ing, a discrete box filter is used, employing trapezoidal rule and
quadratic interpolation of variables within the test-filter volume. The
procedure accounts for the presence of nonuniform and nonorthogo-
nal cells. With the modeled subgrid density, the filtered density is then

evaluated from Eq. (22) as q Qð Þ ¼ q eQ� �
� qsgs.

D. Scale-similarity model (SSM)

The principle of scale similarity was introduced by Bardina7 and
has been applied to directly model the subgrid stress tensor.62 Cook

and Riley63 have also used this principle to model the subgrid scalar
variance. Following this principle, we postulate a model for the subgrid
density given as

qsgs � Cs q beQ� �
� d

q eQ� �� �
; (31)

where the quantities in the model are evaluated at the test-filter level
based on the resolved variables at the LES grid level. This represents
the subgrid density between the test-filter and grid-filter levels. The
model coefficient Cs can be taken to be unity for the sake of simplicity,
as described by Cook and Riley.63 For Cs ¼ 1, it is interesting to note
that the scale-similarity model is the same as the term Lq in the
dynamic gradient model. In fact, when the density-gradient magni-
tudes at the grid- and test-filter scale are equal,Mq would be equal to
qg
eQ� �

, and the subgrid density computed with the dynamic gradient
model would be equal to that computed by the scale-similarity model.

A more rigorous method is to compute the model coefficient in a
dynamic manner. For this, we modify the model form such that the
test filter is equal to the LES filter, similar to Bardina’s model for the
subgrid stress.7

qsgs � Cds q eeQ� �
� q eQ� �� �

: (32)

Following the dynamic modeling approach, the model termMq

can be written as

Ms
q ¼ Cds q

bebeQ
� �

�
d

q beQ� �� �
�

d
q eeQ� �

� q eQ� �� �zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{8<:
9=;;

and the Leonard term is as given in Eq. (27). The dynamic scale-
similarity model is then formulated as

qsgs ¼
LqMs

q


 �
Ms

qMs
q


 � q eeQ� �
� q eQ� �� �

; (33)

where the test-filtering and spatial-averaging procedures as in the
dynamic gradient model in Sec. IVC are adopted. In this study, we
report the results from the scale-similarity model with Cs ¼ 1. The
dynamic scale-similarity model was also evaluated, and the differences
were found to be minimal.

E. Presumed filtered-density function (FDF) model

The filtered-density function (FDF) is an analog of the probabil-
ity density function (PDF) and is used in LES to represent the PDF of
the subgrid-scale fluctuations.64 Closure of subgrid terms using a pre-
sumed form of the FDF has been explored in several studies, including
for conserved scalars in combustion problems.65,66 Recently, Lapenna
and Creta24 investigated the application of a presumed beta PDF for
the evaluation of filtered density and specific heat under transcritical
and supercritical conditions. Using DNS of temporal N2 jets, they
showed a good comparison of the DNS-extracted PDF to the pre-
sumed beta PDF. In their studies, they considered relatively low
Reynolds number jets and a single species, with the density computed
as a function of the temperature alone. In a posteriori studies of react-
ing flows,28 they implemented the EOS evaluation into the flamelet
model framework. The density was evaluated based on the mixture
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fraction and its variance, which uniquely determine the species com-
position and temperature for a given value of scalar dissipation rate.

Here, we investigate the presumed FDF approach for the CH4-
LOXmixing case with corrections for two discrepancies with the origi-
nal approach by Lapenna and Creta.24 First, with the assumption of
adiabatic mixing, the relation between temperature and species com-
position is not linear. Moreover, the DNS data suggest that the fluctua-
tions in temperature and species composition do not necessitate a
unique mapping between the two quantities, since the governing
transport processes are different. Therefore, subgrid-scale fluctuations
in both scalar quantities must be individually considered for the deter-
mination of the filtered density at a given computational cell. We
assume that the subgrid-scale fluctuations in the temperature and mix-
ture fraction are statistically independent, and therefore, we can repre-
sent the joint FDF of the density as the product of the marginal FDFs
with respect to the temperature and mixture fraction z. That is,
P T; zð Þ ¼ P Tð ÞPðzÞ. We neglect the subgrid-scale fluctuations in
pressure since these fluctuations are much less than 1%, and the effect
of these fluctuations on the density is negligible. However, for other
cases involving larger subgrid pressure fluctuations, their effect must
be accounted for.

Second, we note that the presumed beta PDF form for the scalars
should be attributed to the subgrid-scale Favre FDF (not the FDF)
when the moments of the scalars are expressed as Favre-filtered quan-
tities.67 The Favre-filtered FDF eP wð Þ is a density-weighted form of the
FDF P wð Þ representing the density-weighted subgrid fluctuation.68

The Favre FDF is used to evaluate a Favre-filtered quantity as

e/ wð Þ ¼
ð1
�1

/ w0
� �eP w0jw

� �
dw0:

From the definition of Favre filtering [Eq. (12)], we can write

q eq�1 ¼ qq�1 ¼ 1. Therefore, the consistent way to evaluate the filtered
density is

q ¼ 1gq�1 ¼
ð1
0

ð1
0

1
q T; zð Þ

eP T; zð ÞdTdz

264
375
�1

: (34)

Here, the species composition is considered in terms of the mix-
ture fraction z, which for the LOX-CH4 mixing case corresponds to
the mass fraction of CH4. The joint scalar Favre FDF eP T; zð Þ is
assumed to be the product of the marginal Favre FDFs of the two sca-
lars. Each of the marginal Favre FDF is presumed to follow a beta PDF
distribution given as

ePbeta nð Þ ¼ C aþ bð Þ
C að ÞC bð Þ n

a�1 1� nð Þb�1;

where the shape parameters of the PDF a;bð Þ are computed based on

the Favre filtered (en) and subgrid variance (fn002 ) of the respective scalar
fields.

a ¼ en enfn002 � 1

 !
; b ¼ 1� en� � enfn002 � 1

 !
:

Since the beta PDF distribution is defined over the interval [0,1],
the temperature is normalized as eT � ¼ ðeT � To2Þ=ðTCH4 � To2Þ.

The joint Favre FDF is then given as ePðeT �;ezÞ ¼ ePbeta eT �� �
� ePbeta ezð Þ,

and the filtered density is evaluated as

q eT ;ez� �
¼ 1gq�1 ¼

ð1
0

ð1
0

1
q T�; zð Þ

eP eT �;ez� �
dT�dz

264
375
�1

: (35)

For numerical implementation, the density as a function of the
scalar field T�; zð Þ is computed and stored on a grid over the interval
T; zð Þ 2 To2 ;TCH4½ � � 0; 1½ � withDT ¼ 1K and Dz ¼ 0:01. For a pri-
ori analysis, the filtered and subgrid scalar variance values are directly
computed from the DNS database, and the corresponding FDF and
integrals are evaluated at each LES cell to compute the filtered density
according to Eq. (35).

F. A priori assessment of model performance

Figure 3 shows the comparison of the subgrid densities computed
using different models at Df ¼ 10. Note that subgrid densities are not
directly computed in the Reynolds-filtered and presumed FDF models.
For comparison, the subgrid densities for these cases are evaluated as
the difference between the corresponding modeled filtered densities
and the no-model filtered density q eQ� �

, respectively. The subgrid
densities estimated using different modeling approaches, both qualita-
tively and quantitatively, yield a reasonable prediction of the exact
subgrid density field shown in Fig. 2. The only exception to this is the
Reynolds-filtered model prediction whose estimations are nearly twice
the exact value. This will be revisited again later in this section. The
remaining models show a good quantitative comparison. The modeled
estimates from the dynamic gradient and scale-similarity models
appear to show an overall underprediction and some discrepancies in
some regions, while those obtained using the presumed FDF model
show a higher degree of agreement.

To quantify the effectiveness and usefulness of the proposed
modeling approaches, several different metrics are considered. Figure
4(a) shows the comparison of the exact filtered densities computed
from the DNS database and those evaluated using the no-model
approach at filter ratio Df ¼ 10. Figure 5 presents the corresponding
comparison for the filtered densities evaluated with the modeling
approaches described in Secs. IVB-IV E. Same analyses were also con-
ducted at other filter ratios, Df ¼ 5 and 20. The results are qualitatively
similar to quantitative differences in the error magnitudes in different
cells. As discussed in Sec. IVA, the filtered density is overpredicted by
the no-model approach, in which the density is directly computed
using the Favre-filtered temperature and species mass fractions. On
the other hand, the filtered density computed based on the Reynolds-
filtered variables is underpredicted. The density computed using
Reynolds-filtered variables does not contain information pertaining to
the interaction between the primitive variables at the subgrid level and,
therefore, excludes the effect of subgrid mixing on the computed den-
sity. The addition of these subgrid effects through a subgrid term
might improve the prediction. For example, Ribert et al.18 use a scale-
similarity-based model to account for this term. However, we note
that an analogous term could also be considered based on the Favre-
filtered quantities, as in the scale-similarity model in Sec. IVD. This
would also eliminate the need for an additional step to compute the
Reynolds-filtered variables from the corresponding Favre-filtered
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FIG. 4. (a) Comparison of DNS-filtered density (exact) with filtered density evaluated using a no-model approach and (b) distribution of relative error in computed filtered den-
sity in the mixture fraction space at filter ratio Df ¼ 10.

FIG. 3. Comparison of spatial distributions of the modeled subgrid densities using different modeling approaches at filter ratio Df ¼ 10.
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variables and would, therefore, reduce the overall computational cost
of the model.

The dynamic gradient and scale-similarity models show overall
improvements to the computed filtered density. The subgrid density
and the filtered density evaluated with the dynamic gradient model
exhibit a slight scatter in the predicted values; the scatter is worse in
the absence of spatial averaging of the model coefficients. A subgrid
model in principle represents the statistical effect of unresolved scales
and should only be evaluated in a statistical sense. Nonstatistical evalu-
ation of the model coefficient results in overspecification and oscillation
of the value in certain regions of the flows, and statistical averaging is
thus required. In this study, the local spatial averaging was confined to a
three-point stencil in each spatial direction or a total of nine cells in the
vicinity of an LES cell for 2D. It is possible that this averaging might not
be sufficient for the filter size considered. There is also a concern

regarding the evaluation of the test filter across the transcritical interface
between the two streams, which presents a sharp density gradient in the
mean field. When the filter operator is applied in these regions, informa-
tion on the density gradient is incorrectly interpreted as a fluctuation
associated with subgrid-scale turbulence. This contribution could be
more significant than realistic subgrid fluctuations, causing an inconsis-
tency with modeling approaches, which inherently assume that all sub-
grid fluctuations are turbulent in nature. This subject has been broached
in the context of compressible flows with shocks,69,70 but it is still in the
preliminary stage and the issues are not fully understood. In the present
case, test filtering is found to smear the density gradient, resulting in an
incorrect prediction of the test-filtered density-gradient magnitude,d
qg
eQ� �

in Eq. (28). The associated errors feed into the denominatorMq

term in the model coefficient, which manifests in the form of oscillations

FIG. 5. Comparison of DNS-filtered density (exact) to modeled filtered density evaluated using different models at filter ratio Df ¼ 10:
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of the model coefficient. The scale-similarity model, on the other hand,
does not exhibit this level of scatter, and the overall trend seems to be
better than the gradient model. Results using the scale-similarity model
with Cs ¼ 1 and the dynamic variant were found to yield similar perfor-
mance with nominal differences.

The filtered density modeled using the presumed FDF approach
very closely matches the exact filtered density, with almost negligible
deviation. The original formulation by Lapenna and Creta24 was also
compared, and the results with the model form proposed in Sec. IVE
were found to be more accurate, owing to the mathematical consis-
tency of the formulation.

The relative error in the filtered density evaluated with different
models is presented as a distribution in the mixture fraction space in
Fig. 6. The relative error is defined as the difference between the

modeled and exact filtered densities normalized by the exact filtered
density. These are compared with the corresponding distribution for
the no-model approach shown in Fig. 4(b). The error in the filtered
density evaluated with the Reynolds-filtered model is roughly of the
same magnitude and qualitative distribution as the no-model
approach, with the difference that the error is of the opposite sign due
to underprediction. This is contrary to the findings of Ribert et al.18

for the filtered ideal gas EOS. The discrepancies are indicative of the
complexities associated with the nonlinear nature of the real-fluid EOS
and the important role of subgrid interactions among turbulent mix-
ing and thermodynamics in the supercritical regime. With the
dynamic gradient and scale-similarity models, the overall magnitudes
of the errors are decreased. The majority of the cells display an error
close to zero with a narrow error margin. The remaining scatter in the

FIG. 6. Relative error in modeled filtered density as a function of mixture fraction using the different models at filter ratio Df ¼ 10:
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figures corresponds to data from cells, where the modeled filtered den-
sity is inaccurate. The subgrid density estimated by the models is
sometimes overpredicted, causing the modeled filtered density to be
lower than the exact value, as seen by the points with negative error.
This is attributed to the oscillation of the model coefficient in those
cells. The presumed FDF model shows the most improvement, with
the modeling errors confined to less than 2%. The remaining errors
could be a result of the numerical errors with the discrete representa-
tion of the integral, deviations of the local FDF from the presumed
FDF form, or a combination.

The correlations between the exact subgrid density and the mod-
eled subgrid density at different filter ratios are presented in Table I,
and the L2 norms of the error in the modeled filtered density are pre-
sented in Table II. The correlation coefficient between the exact and
modeled terms is computed using the standard relation.58 For compar-
ison, the subgrid densities for the Reynolds-filtered model and the pre-
sumed FDF model are computed as the difference between the filtered
density with the no-model approach q eQ� �

and the filtered density
evaluated with the corresponding model. The error in the modeled fil-
tered density is the difference between the exact filtered density (DNS)
and the filtered density calculated using a particular model. The L2

norm of the error is computed over all the cells in the domain and
normalized by the total number of cells. The modeling approaches
show good improvement over the no-model approach with respect to
reduction in the error norm. This performance ranking is consistent
with the inferences drawn from the previous metrics. The presumed
FDF approach shows the best performance in terms of the error norm
and the correlation coefficient of the model prediction. The correlation
coefficient of the dynamic gradient model and scale-similarity model
are relatively low but are still comparable to those obtained for the con-
ventional SGS models. With an increase in filter width, the correlations
of the dynamic and scale-similarity models slightly decrease and the
errors in the modeled densities increase, although the errors are still
lower compared to the no-model approach. The presumed FDF model
retains its accuracy even at high filter sizes both in terms of model cor-
relation and significantly minimizing modeling errors. This observation
underscores two key modeling requirements—the need for physical
models to account for necessary subgrid physics, and the resolution cri-
teria needed to ensure sufficient accuracy of the applied models.

There are advantages and limitations associated with each model-
ing approach proposed in this work. There remain outstanding issues
with the dynamic gradient and scale-similarity modeling approaches
regarding the application of test filtering in regions with strong flow
gradients, and these concerns also apply to the currently used dynamic

eddy viscosity models. However, the overall improvement in the pre-
dictions is encouraging for further refinement of these models. A con-
sistent technique for statistical averaging of model parameters and
evaluation of the test filter would be expected to further improve the
model performance.

The presumed FDF model is mathematically consistent and
showed the best performance among all the models investigated in
this work even at higher filter ratios. A limitation of this approach,
however, is that it requires additional models for estimating the
subgrid-scale variances of the temperature and species fields. To evalu-
ate these quantities, additional model transport equations must be
solved.71,72 Alternatively, a scale-similarity approach63 or a scaling
law73 can be used. However, either of those approaches would be
expected to introduce additional model uncertainties and errors in the
framework that would be equivalent to the deficiencies in the dynamic
models discussed in this study. Furthermore, the evaluation of the
integrals in the model imposes additional CPU and memory costs.
This is especially relevant for transcritical mixing and combustion
cases, where a fine-grained density mapping in the thermodynamic
state space is required to account for the strong variations in the den-
sity. This could be partially alleviated by precomputing and storing the
integrals in a tabulated framework, as is performed in the use of flame-
let models for combustion.74

V. SUMMARY

The inconsistencies and errors associated with the representation
of the filtered equation of state in the LES framework are investigated
in the context of real-fluid mixing. The study used data from 2D DNS
of a spatially evolving mixing layer consisting of gaseous methane
and liquid oxygen at supercritical pressures. It is demonstrated that
the direct evaluation of the filtered density (or pressure) based on the
Favre-filtered thermodynamic state variables does not represent the
subgrid-scale interactions between the thermodynamics and turbulent
mixing, resulting in errors in the computed filtered quantity. The mag-
nitudes of the density-weighted Favre-filtered variables are biased
toward those of the denser states at the subgrid level. This results in
overprediction of the filtered density computed based on these state
variables for the mixing configuration considered in this study. Novel
modeling approaches were proposed to account for these effects and
to obtain an accurate estimate of the filtered density using the real-
fluid EOS. The models were evaluated using different performance
metrics to assess the accuracy in modeling the filtered density as com-
pared to that obtained from the DNS.

The Reynolds-filtered model, in which the EOS is evaluated
based on the Reynolds-filtered state variables rather than the Favre-
filtered variables, does not provide any improvement over the no-

TABLE I. Correlation between the exact and modeled subgrid density at different fil-
ter ratios.

Model Df ¼ 5 Df ¼ 10 Df ¼ 20

Reynolds-filtered �0.94a �0.95a �0.96a
Dynamic gradient 0.78 0.70 0.64
Scale-similarity 0.75 0.65 0.59
Presumed FDF 0.97 0.97 0.97

aPredicted values are incorrect in magnitude leading to negative correlations for the
modeled densities.

TABLE II. L2 norms of error in the modeled filtered density at different filter ratios.

Model Df ¼ 5 Df ¼ 10 Df ¼ 20

No-model 11.3 76.14 316.85
Reynolds-filtered 6.76 43.39 177.81
Dynamic gradient 4.43 37.39 191.88
Scale-similarity 4.75 48.48 232.36
Presumed FDF 1.64 6.44 23.47
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model approach. Two modeling frameworks were proposed to extend
the currently used approaches to model the subgrid convective flux
terms. First, a gradient model was proposed as a variant analogous to
the Smagorinsky model. The formulation is based on the correlation
of the subgrid density to the resolved density-gradient magnitude in
the flow. To evaluate the model coefficient, a dynamic modeling pro-
cedure was formulated by applying the Germano identity, rendering
the dynamic gradient model. Similarly, a scale-similarity model was
proposed to directly evaluate the subgrid density. Both models were
found to show improvement in representing the filtered density. Some
errors persist due to unphysical variation of the model coefficient
stemming from evaluation of the test-filtered quantities across sharp
density-gradient regions and lack of sufficient statistical averaging.
These issues are known to exist even for compressible, ideal gas flows
and require further understanding. Finally, a PDF-based approach was
proposed, which assumes a beta distribution form of the Favre FDF to
model the subgrid-scale fluctuations of the temperature and species
composition. This model showed the best correlation of the filtered
density with the DNS data and the smallest modeling errors. This
approach requires additional information regarding the subgrid var-
iances of the temperature and species mass fractions, which entails
supplementary models for these quantities. The model performances
are evaluated at different filter ratios, highlighting the need for physi-
cally consistent modeling approaches for practical LES applications.

While the a priori assessments in this work are performed using
2D DNS data, the model formulations are founded on physical princi-
ples that are well established in the turbulence modeling literature and
are thus expected to be valid even for realistic 3D turbulence. A key
contribution of this work is understanding the role of subgrid-scale
turbulence and its interactions with thermodynamics at the high
Reynolds numbers and pressures that are characteristic of practical
systems. Assessment of the models using 3D DNS data and a posteriori
LES validations is warranted whenever such studies are computation-
ally feasible.

ACKNOWLEDGMENTS

This work was partly supported by the Air Force Office of
Scientific Research (AFOSR) under grant no. FA9550-18-1-0216
and partly supported by the William R. T. Oakes Endowment and
the Ralph N. Read Endowment of the Georgia Institute of
Technology. The authors gratefully acknowledge support and
advice from Mitat A. Birkan.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts of interest to disclose.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

REFERENCES
1U. Piomelli, “Large-eddy simulation: Achievements and challenges,” Prog.
Aerosp. Sci. 35, 335 (1999).

2C. Meneveau and J. Katz, “Scale-invariance and turbulence models for large-
eddy simulation,” Annu. Rev. Fluid Mech. 32(1), 1–32 (2000).

3U. Piomelli, “Chapter 3: Large-eddy simulations,” Advanced Approaches in
Turbulence (Elsevier, 2021), Vol. 83.

4J. Smagorinsky, “General circulation experiments with the primitive equations
I. The basic experiment,” Mon. Weather Rev. 91, 99 (1963).

5U. Piomelli, W. H. Cabot, P. Moin, and S. Lee, “Subgrid-scale backscatter in
turbulent and transitional flows,” Phys. Fluids A 3, 1766 (1991).

6J. O’Brien, J. Urzay, M. Ihme, P. Moin, and A. Saghafian, “Subgrid-scale back-
scatter in reacting and inert supersonic hydrogen–air turbulent mixing layers,”
J. Fluid Mech. 743, 554 (2014).

7J. Bardina, “Improved turbulence models based on large eddy simulation of
homogeneous, incompressible, turbulent flows,” Ph.D. thesis (Stanford
University, 1983).

8M. Germano, U. Piomelli, P. Moin, and W. H. Cabot, “A dynamic subgrid-
scale eddy viscosity model,” Phys. Fluids A 3, 1760 (1991).

9G. Erlebacher, M. Y. Hussaini, C. G. Speziale, and T. A. Zang, “Toward the
large-eddy simulation of compressible turbulent flows,” J. Fluid Mech. 238,
155 (1992).

10P. Moin, K. Squires, W. Cabot, and S. Lee, “A dynamic subgrid-scale model for
compressible turbulence and scalar transport,” Phys. Fluids A 3, 2746 (1991).

11C. G. Speziale, G. Erlebacher, T. A. Zang, and M. Y. Hussaini, “The subgrid-
scale modeling of compressible turbulence,” Phys. Fluids 31, 940 (1988).

12B. Vreman, B. Geurts, and H. Kuerten, “Subgrid-modelling in LES of compress-
ible flow,” Appl. Sci. Res. 54, 191 (1995).

13J. Bellan, “Theory, modeling and analysis of turbulent supercritical mixing,”
Combust. Sci. Technol. 178, 253 (2006).

14P. E. Lapenna, “Characterization of pseudo-boiling in a transcritical nitrogen
jet,” Phys. Fluids 30, 077106 (2018).

15T. Schmitt, L. Selle, A. Ruiz, and B. Cuenot, “Large-eddy simulation of
supercritical-pressure round jets,” AIAA J. 48, 2133 (2010).

16M. Masquelet, S. Menon, Y. Jin, and R. Friedrich, “Simulation of unsteady com-
bustion in a LOX-GH2 fueled rocket engine,” Aerosp. Sci. Technol. 13, 466
(2009).

17X. Petit, G. Ribert, G. Lartigue, and P. Domingo, “Large-eddy simulation of
supercritical fluid injection,” J. Supercrit. Fluids 84, 61 (2013).

18G. Ribert, P. Domingo, and L. Vervisch, “Analysis of sub-grid scale modeling of
the ideal-gas equation of state in hydrogen–oxygen premixed flames,” Proc.
Combust. Inst. 37, 2345 (2019).

19L. C. Selle, N. A. Okong’O, J. Bellan, and K. G. Harstad, “Modelling of subgrid-
scale phenomena in supercritical transitional mixing layers: An a priori study,”
J. Fluid Mech. 593, 57 (2007).

20E. S. Taskinoglu and J. Bellan, “A posteriori study using a DNS database
describing fluid disintegration and binary-species mixing under supercritical
pressure: Heptane and nitrogen,” J. Fluid Mech. 645, 211 (2010).

21G. Borghesi and J. Bellan, “A priori and a posteriori investigations for develop-
ing large eddy simulations of multi-species turbulent mixing under high-
pressure conditions,” Phys. Fluids 27, 035117 (2015).

22A. Gnanaskandan and J. R. Bellan, “Large Eddy simulations of high pressure
jets: Effect of subgrid scale modeling,” AIAA Paper No. AIAA 2017-1105
(2017).

23G. Ribert, X. Petit, and P. Domingo, “High-pressure methane-oxygen flames.
Analysis of sub-grid scale contributions in filtered equations of state,”
J. Supercrit. Fluids 121, 78 (2017).

24P. E. Lapenna and F. Creta, “Mixing under transcritical conditions: An a-priori
study using direct numerical simulation,” J. Supercrit. Fluids 128, 263 (2017).

25B. Vreman, B. Geurts, and H. Kuerten, “A priori tests of large eddy simulation
of the compressible plane mixing layer,” J. Eng. Math. 29, 299 (1995).

26M. M. Ameen and J. Abraham, “Are ‘2D DNS’ results of turbulent fuel/air mix-
ing layers useful for assessing subgrid-scale models?,” Numer. Heat Transfer,
Part A. 69(1), 1–13 (2016).

27U. Unnikrishnan, H. Huo, X. Wang, and V. Yang, “Subgrid scale modeling
considerations for large eddy simulation of supercritical turbulent mixing and
combustion,” Phys. Fluids 33, 075112 (2021).

28P. E. Lapenna, G. Indelicato, R. Lamioni, and F. Creta, “Modeling the equations
of state using a flamelet approach in LRE-like conditions,” Acta Astronaut.
158, 460 (2019).

29J. F. Ely and H. Hanley, “Prediction of transport properties. 1. Viscosity of flu-
ids and mixtures,” Ind. Eng. Chem. Fund. 20, 323 (1981).

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 065112 (2022); doi: 10.1063/5.0088074 34, 065112-14

Published under an exclusive license by AIP Publishing

https://doi.org/10.1016/S0376-0421(98)00014-1
https://doi.org/10.1016/S0376-0421(98)00014-1
https://doi.org/10.1146/annurev.fluid.32.1.1
https://doi.org/10.1175/1520-0493(1963)091<0099:GCEWTP>2.3.CO;2
https://doi.org/10.1063/1.857956
https://doi.org/10.1017/jfm.2014.62
https://doi.org/10.1063/1.857955
https://doi.org/10.1017/S0022112092001678
https://doi.org/10.1063/1.858164
https://doi.org/10.1063/1.866778
https://doi.org/10.1007/BF00849116
https://doi.org/10.1080/00102200500292241
https://doi.org/10.1063/1.5038674
https://doi.org/10.2514/1.J050288
https://doi.org/10.1016/j.ast.2009.07.005
https://doi.org/10.1016/j.supflu.2013.09.011
https://doi.org/10.1016/j.proci.2018.07.054
https://doi.org/10.1016/j.proci.2018.07.054
https://doi.org/10.1017/S0022112007008075
https://doi.org/10.1017/S0022112009992606
https://doi.org/10.1063/1.4916284
https://doi.org/10.1016/j.supflu.2016.08.020
https://doi.org/10.1016/j.supflu.2017.05.005
https://doi.org/10.1007/BF00042759
https://doi.org/10.1080/10407782.2015.1052312
https://doi.org/10.1080/10407782.2015.1052312
https://doi.org/10.1063/5.0055751
https://doi.org/10.1016/j.actaastro.2018.07.025
https://doi.org/10.1021/i100004a004
https://scitation.org/journal/phf


30J. F. Ely and H. Hanley, “Prediction of transport properties. 2. Thermal con-
ductivity of pure fluids and mixtures,” Ind. Eng. Chem. Fund. 22, 90 (1983).

31J. Rowlinson and I. Watson, “The prediction of the thermodynamic properties
of fluids and fluid mixtures—I. The principle of corresponding states and its
extensions,” Chem. Eng. Sci. 24, 1565 (1969).

32R. C. Reid, J. M. Prausnitz, and B. E. Poling, “The properties of gases and
liquids,” 4th ed. (McGraw-Hill, New York, New York, 1987).

33H. Meng and V. Yang, “A unified treatment of general fluid thermodynamics
and its application to a preconditioning scheme,” J. Comput. Phys. 189, 277
(2003).

34J. C. Oefelein, “Advances in modeling supercritical fluid behavior and combus-
tion in high-pressure propulsion systems,” AIAA Paper No. AIAA 2019-0634
(2019).

35D.-Y. Peng and D. B. Robinson, “A new two-constant equation of state,” Ind.
Eng. Chem. Fund. 15, 59 (1976).

36G. Soave, “Equilibrium constants from a modified Redlich-Kwong equation of
state,” Chem. Eng. Sci. 27, 1197 (1972).

37C. Pantano, R. Saurel, and T. Schmitt, “An oscillation free shock-capturing
method for compressible van der Waals supercritical fluid flows,” J. Comput.
Phys. 335, 780 (2017).

38P. C. Ma, H. Wu, D. T. Banuti, and M. Ihme, “On the numerical behavior of
diffuse-interface methods for transcritical real-fluids simulations,” Int. J.
Multiphase Flow 113, 231 (2019).

39H. Terashima and M. Koshi, “Approach for simulating gas–liquid-like flows
under supercritical pressures using a high-order central differencing scheme,”
J. Comput. Phys. 231, 6907 (2012).

40H. Terashima and M. Koshi, “Strategy for simulating supercritical cryogenic
jets using high-order schemes,” Comput. Fluids 85, 39 (2013).

41S.-Y. Hsieh and V. Yang, “A preconditioned flux-differencing scheme for
chemically reacting flows at all Mach numbers,” Int. J. Comput. Fluid Dyn. 8,
31 (1997).

42N. Zong and V. Yang, “An efficient preconditioning scheme for real-fluid mix-
tures using primitive pressure–temperature variables,” Int. J. Comput. Fluid
Dyn. 21, 217 (2007).

43J. C. Oefelein and V. Yang, “Modeling high-pressure mixing and combustion
processes in liquid rocket engines,” J. Propul. Power 14, 843 (1998).

44N. Zong and V. Yang, “Near-field flow and flame dynamics of LOX/methane
shear-coaxial injector under supercritical conditions,” Proc. Combust. Inst. 31,
2309 (2007).

45X. Wang, H. Huo, U. Unnikrishnan, and V. Yang, “A systematic approach to
high-fidelity modeling and efficient simulation of supercritical fluid mixing
and combustion,” Combust. Flame 195, 203 (2018).

46U. Piomelli, P. Moin, and J. H. Ferziger, “Model consistency in large eddy sim-
ulation of turbulent channel flows,” Phys. Fluids 31, 1884 (1988).

47P. Sagaut, Large Eddy Simulation for Incompressible Flows: An Introduction
(Springer Science & Business Media, 2006).

48N. A. Okongo and J. Bellan, “Consistent large-eddy simulation of a temporal
mixing layer laden with evaporating drops. Part 1. Direct numerical simula-
tion, formulation and a priori analysis,” J. Fluid Mech. 499, 1–47 (2004).

49Z. Ma, A. Korucu, and R. S. Miller, “A priori analysis of subgrid scale pressure
and heat flux in high pressure mixing and reacting shear layers,” Combust.
Theory Modell. 19, 807 (2015).

50S. M. Ovais, K. A. Kemenov, and R. S. Miller, “Direct numerical simulation of
supercritical oxy-methane mixing layers with CO2 substituted counterparts,”
Phys. Fluids 33, 035115 (2021).

51V. Yang, “Modeling of supercritical vaporization, mixing, and combustion pro-
cesses in liquid-fueled propulsion systems,” Proc. Combust. Inst. 28, 925
(2000).

52N. Zong, H. Meng, S.-Y. Hsieh, and V. Yang, “A numerical study of cryogenic
fluid injection and mixing under supercritical conditions,” Phys. Fluids 16,
4248 (2004).

53R. C. Swanson and E. Turkel, “On central-difference and upwind schemes,”
J. Comput. Phys. 101, 292 (1992).

54M. S. Graboski and T. E. Daubert, “A modified Soave equation of state for
phase equilibrium calculations. 2. Systems containing CO2, H2S, N2, and CO,”
Ind. Eng. Chem. Proc. Des. Dev. 17, 448 (1978).

55D. T. Banuti, “Crossing the widom-line—Supercritical pseudo-boiling,”
J. Supercrit. Fluids 98, 12 (2015).

56R. A. Clark, J. H. Ferziger, and W. C. Reynolds, “Evaluation of subgrid-scale models
using an accurately simulated turbulent flow,” J. Fluid Mech. 91, 1–16 (1979).

57U. Unnikrishnan, X. Wang, S. Yang, and V. Yang, “Subgrid scale modeling of
the equation of state for turbulent flows under supercritical conditions,” AIAA
Paper No. AIAA 2017-4855 (2017).

58M. P. Martin, U. Piomelli, and G. V. Candler, “Subgrid-scale models for com-
pressible large-eddy simulations,” Theor. Comput. Fluid Dyn. 13, 361 (2000);
available at https://link.springer.com/article/10.1007/PL00020896

59D. K. Lilly, “A proposed modification of the Germano subgrid-scale closure
method,” Phys. Fluids A 4, 633 (1992).

60S. Ghosal, T. S. Lund, P. Moin, and K. Akselvoll, “A dynamic localization model
for large-eddy simulation of turbulent flows,” J. Fluid Mech. 286, 229 (1995).

61Y. Zang, R. L. Street, and J. R. Koseff, “A dynamic mixed subgrid-scale model
and its application to turbulent recirculating flows,” Phys. Fluids A 5, 3186
(1993).

62S. Liu, C. Meneveau, and J. Katz, “On the properties of similarity subgrid-scale
models as deduced from measurements in a turbulent jet,” J. Fluid Mech. 275,
83 (1994).

63A. W. Cook and J. J. Riley, “A subgrid model for equilibrium chemistry in tur-
bulent flows,” Phys. Fluids 6, 2868 (1994).

64S. B. Pope, Turbulent Flows (Cambridge University Press, 2000).
65P. J. Colucci, F. A. Jaberi, P. Givi, and S. B. Pope, “Filtered density function
for large eddy simulation of turbulent reacting flows,” Phys. Fluids 10, 499
(1998).

66P. Givi, “Filtered density function for subgrid scale modeling of turbulent
combustion,” AIAA J. 44, 16 (2006).

67C. Wall, B. J. Boersma, and P. Moin, “An evaluation of the assumed beta prob-
ability density function subgrid-scale model for large eddy simulation of non-
premixed, turbulent combustion with heat release,” Phys. Fluids 12, 2522
(2000).

68F. A. Jaberi, P. J. Colucci, S. James, P. Givi, and S. B. Pope, “Filtered mass den-
sity function for large-eddy simulation of turbulent reacting flows,” J. Fluid
Mech. 401, 85 (1999).

69P. Sagaut and M. Germano, “On the filtering paradigm for LES of flows with
discontinuities,” J. Turbul. 6, N23 (2005).

70D. V. Kotov, H. C. Yee, A. A. Wray, A. Hadjadj, and B. Sj€ogreen, “High order
numerical methods for the dynamic SGS model of turbulent flows with
shocks,” Commun. Comput. Phys. 19, 273 (2016).

71C. Pera, J. R�eveillon, L. Vervisch, and P. Domingo, “Modeling subgrid scale
mixture fraction variance in LES of evaporating spray,” Combust. Flame 146,
635 (2006).

72K. A. Kemenov, H. Wang, and S. B. Pope, “Modelling effects of subgrid-scale
mixture fraction variance in LES of a piloted diffusion flame,” Combust.
Theory Modell. 16, 611 (2012).

73C. D. Pierce and P. Moin, “A dynamic model for subgrid-scale variance and
dissipation rate of a conserved scalar,” Phys. Fluids 10, 3041 (1998).

74P. Kundu, M. M. Ameen, C. Xu, U. Unnikrishnan, T. Lu, and S. Som,
“implementation of detailed chemistry mechanisms in engine simulations,”
J. Eng. Gas Turbines Power 141, 011026 (2019).

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 065112 (2022); doi: 10.1063/5.0088074 34, 065112-15

Published under an exclusive license by AIP Publishing

https://doi.org/10.1021/i100009a016
https://doi.org/10.1016/0009-2509(69)80095-3
https://doi.org/10.1016/S0021-9991(03)00211-0
https://doi.org/10.1021/i160057a011
https://doi.org/10.1021/i160057a011
https://doi.org/10.1016/0009-2509(72)80096-4
https://doi.org/10.1016/j.jcp.2017.01.057
https://doi.org/10.1016/j.jcp.2017.01.057
https://doi.org/10.1016/j.ijmultiphaseflow.2019.01.015
https://doi.org/10.1016/j.ijmultiphaseflow.2019.01.015
https://doi.org/10.1016/j.jcp.2012.06.021
https://doi.org/10.1016/j.compfluid.2012.09.032
https://doi.org/10.1080/10618569708940794
https://doi.org/10.1080/10618560701584373
https://doi.org/10.1080/10618560701584373
https://doi.org/10.2514/2.5349
https://doi.org/10.1016/j.proci.2006.08.106
https://doi.org/10.1016/j.combustflame.2018.04.030
https://doi.org/10.1063/1.866635
https://doi.org/10.1017/S0022112003007018
https://doi.org/10.1080/13647830.2015.1100753
https://doi.org/10.1080/13647830.2015.1100753
https://doi.org/10.1063/5.0039166
https://doi.org/10.1016/S0082-0784(00)80299-4
https://doi.org/10.1063/1.1795011
https://doi.org/10.1016/0021-9991(92)90007-L
https://doi.org/10.1021/i260068a010
https://doi.org/10.1016/j.supflu.2014.12.019
https://doi.org/10.1017/S002211207900001X
https://link.springer.com/article/10.1007/PL00020896
https://doi.org/10.1063/1.858280
https://doi.org/10.1017/S0022112095000711
https://doi.org/10.1063/1.858675
https://doi.org/10.1017/S0022112094002296
https://doi.org/10.1063/1.868111
https://doi.org/10.1063/1.869537
https://doi.org/10.2514/1.15514
https://doi.org/10.1063/1.1287911
https://doi.org/10.1017/S0022112099006643
https://doi.org/10.1017/S0022112099006643
https://doi.org/10.1080/14685240500149799
https://doi.org/10.4208/cicp.211014.040915a
https://doi.org/10.1016/j.combustflame.2006.07.003
https://doi.org/10.1080/13647830.2011.645881
https://doi.org/10.1080/13647830.2011.645881
https://doi.org/10.1063/1.869832
https://doi.org/10.1115/1.4041281
https://scitation.org/journal/phf

	l
	s1
	s2
	d1
	d2
	d3
	d4
	d5
	d6
	d7
	d8
	d9
	d10
	d11
	d12
	d13
	d14
	d15
	d16
	d17
	d18
	d19
	s2
	d20
	d21
	d22
	s3
	s4
	f1
	s4A
	s4B
	f2
	d23
	s4C
	d24
	d25
	d26
	d27
	d28
	d29
	d30
	d31
	d32
	s4D
	d33
	s4E
	d34
	s4E
	d35
	f4
	f3
	f5
	f6
	s5
	t1
	t1n1
	t2
	l
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46
	c47
	c48
	c49
	c50
	c51
	c52
	c53
	c54
	c55
	c56
	c57
	c58
	c59
	c60
	c61
	c62
	c63
	c64
	c65
	c66
	c67
	c68
	c69
	c70
	c71
	c72
	c73
	c74

